The evaporation of pinned, sessile droplets resting on finite thickness substrates is investigated numerically by extending the combined field approach to include the thermal properties of the substrate.
When a liquid droplet dries out, the particles suspended inside the droplet will be left on the underlying substrate and form different deposits patterns, e.g., a ring deposit, a center deposit, and a uniform deposit [1] [2] [3] [4] [5] [6] . Predicting and controlling the deposition pattern is of vital importance in many industrial and scientific applications such as ink-jet printing of functional materials [7] [8] [9] , disease diagnosis [10] and automatic DNA mapping [11, 12] . The evaporation of sessile droplet has significant influences on the evaporation-induced particle deposition, and thus has attracted extensive attention in recent years [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
For the quasi-steady diffusion-limited evaporation, the vapor concentration in the atmosphere satisfies Laplace's equation [28, 29] . Assuming that the atmosphere just above the droplet surface is saturated with vapor and that the vapor concentration is constant along the surface (referred to as the "isothermal model" in the following), Picknett and Bexon [30] , Deegan et al. [3, 31] , and Popov [32] derived an exact solution for the evaporation flux along the surface of pinned sessile droplets. They showed that the evaporation increases monotonically from the droplet center to the droplet edge and diverges at the contact line.
Using a finite-element method, Hu and Larson [29, 33, 34] obtained a simple, yet accurate empirical expression for the evaporation flux of sessile droplets. This analytical expression for the evaporation flux is then used as a boundary condition to compute the temperature field inside drying droplets [35] .
The results showed that the nonuniform evaporation lead to a nonuniform distribution of temperature along the droplet surface and the surface temperature gradient reverses its direction at a critical contact angle. Ristenpart et al. [36] and Xu et al. [28] indicated that the critical contact angle depends on the thermal conductivity and the thickness of the substrate. Girard et al. [14, 37] further pointed out that both the temperature of the substrate and the size of the heating zone have significant influences on the evaporation of sessile droplets.
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Soft Matter Accepted Manuscript -3- The decrease in the liquid temperature at the droplet surface will lower the vapor saturation concentration there, and will in turn reduce the evaporation of the droplet [17, 18, 35, [38] [39] [40] [41] [42] [43] . Experiments conducted on super-hydrophobic substrates by Dash and Garimella [44] indicated that the "isothermal model" overpredicts the evaporation rate of drying droplets by ∼20%. This deviation is confirmed by the numerical simulations by Pan et al. [45, 46] , who attributed the discrepancy to the large temperature reduction at the droplet surface due to the thermal resistance of the relatively tall droplet on a superhydrophobic substrate. Reducing the atmosphere pressure will enhance evaporation and thus highlight the temperature reduction. For water droplets drying in an atmosphere of helium at a pressure of around 40 mbar, the evaporation rate is as low as 20% of the one predicted by the "isothermal model" [18, 47] .
Allowing the saturation concentration of vapor to be a function of the local liquid temperature rather than simply a constant, Dunn et al. [38] [39] [40] , Sefiane et al. [18] and Saada et al. [41] generalized the basic isothermal model to include the effect of the evaporative cooling. Taking into account the thermal effects resulting from evaporative cooling, Sefiane and Bennacer [47] [48] [49] developed a theoretical expression for the evaporation rate of sessile droplets and introduced a dimensionless number SB, which relates substrate and liquid properties as well as the evaporation kinetics, to identify the threshold for the transition from an isothermal case to a nonisothermal one. Their theory is supported by a very wide range of experimental measurements. Developing a combined field approach which unifies the coupled fields in liquid evaporation into one single field and makes the iteration unnecessary, Xu and Ma [50] numerically investigated the influence of evaporative cooling on the evaporation of sessile droplets resting on an isothermal substrate. They derived a dimensionless number Ec to evaluate the strength of the evaporative cooling. Their results showed that a critical value Ec Crit exists below which the evaporative cooling effect can be neglected and above which the significance of the effect increases dramatically. Good agreement is found between their theoretical predictions and the experimental measurements without any parameter fitting.
In the basic isothermal model, the substrate has no effect on the droplet evaporation due to the assumption of the constant vapor concentration along the surface. This means that the same droplets must have the same evaporation rate on any kind of substrates. However, for a sessile droplet in contact with a surface, the underlying substrate must have impacts on the liquid evaporation. Saada et al. [41] indicated that the evaporation rate of sessile droplets varies significantly with the substrate and is higher for substrates with higher thermal conductivity or smaller thickness. Sefiane et al. [18, [38] [39] [40] 43, 47] experimentally investigated the evaporation rates of sessile droplets of different liquids in atmospheres of various ambient gases at different pressures using different substrates with a wide range of thermal conductivities. They also found that the evaporation rate of sessile droplets can be influenced by the thermal properties of substrate and that the evaporative cooling is more pronounced on the substrate with lower thermal conductivity. They explained the behaviors by introducing a mathematical model for the droplet evaporation including the variation of the saturation concentration with temperature. Semenov et al. [51] numerically obtained the dependences of the average surface temperature of sessile droplets on the substrate thermal conductivity and the substrate temperature, and then investigated the influences of substrate thermal properties on the droplet evaporation by using the calculated average surface temperature.
Because the vapor diffusion in the atmosphere and the heat transfer in the liquid and the substrate are coupled, the influence of the substrate on the droplet evaporation should be closely related with the evaporative cooling. However, despite notable progress over the past few decades, a full understanding for the combined effects of the underlying substrate and the evaporative cooling on the droplet evaporation is still not achieved and quantitative studies are still needed. In this paper, the combined field approach for the droplet evaporation [50] is first extended to include the thermal properties of the underlying substrates. The present approach is validated by comparison with the experimental 
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-5-measurements. Then, by using the approach, the evaporation of sessile droplets of various liquids with a wide range of evaporative cooling number Ec on substrates with a wide range of thermal conductivities, thickness, and temperature is solved numerically, and how the evaporative cooling affects the influences of substrate properties on the droplet evaporation is analyzed quantitatively. The present work may contribute to the body of knowledge concerning the droplet evaporation and will be useful to control the deposition pattern of drying droplets. Here, we consider a small, pinned, and slowly evaporating liquid droplet with a contact angle of θ and contact line radius of R resting on a flat substrate of thickness h S (Fig. 1) . The thermal conductivities of the substrate and the liquid are k S and k L , respectively. The temperature at the lower surface of the substrate is fixed at T a and the room temperature is T 0 . Since the Bond number and the capillary number are small, the droplet shape can be regarded as a spherical cap.
By estimating the ratio of the relative rates of change of droplet height to that of temperature, Hu and
Larson [35] showed that the transient in the energy equation for droplet evaporation can be neglected.
Under such a quasi-steady condition, the heat equation in the droplet is 
-6-the liquid velocity, and the Peclet number Pe is a ratio of the convective to the conductive heat transfer [36] . Typically 1 Pe << , implying that the rate of the convective heat transfer is much smaller than that of the conductive one in the droplets [35, 36] . Ristenpart et al. [36] further indicated that, although the velocity u diverges in the vicinity of the contact line, conduction is nonetheless dominant in the whole droplet. Assuming that the air is quiescent, vapor transport in the air is solely by diffusion. Hu and Larson [29, 34] indicated that the vapor concentration adjusts rapidly compared to the time required for droplet evaporation and can thus be considered to be at a quasi-steady state. Therefore, for the quasi-steady diffusion-limited evaporation, the concentration of vapor c in the atmosphere, the temperature T L in the liquid, and the temperature T S in the substrate all satisfy Laplace's equation, i.e., [15, 16, 28, 29, 33] . According to the combined field approach [50] , these Laplace's equations and the boundary conditions in the droplet evaporation can be rewritten in a dimensionless form as:
h(r) is the droplet height, H is the relative humidity of the ambient air, H L is the latent heat of evaporation, D is the coefficient of diffusion of vapor in the atmosphere, and n is the unit normal.
Here, Ec is the evaporative cooling number which characterizes the ratio of the reduction in the evaporation flux due to cooling to its isothermal value and can be used to estimate the intensity of the evaporative cooling. The larger the value of Ec, the more significant the negative feedback effect of evaporative cooling which reduces the evaporation rate. Its definition implies that the value of the number Ec is determined only by the thermal properties of the liquid and the atmosphere. Under a temperature of 295 K and an atmospheric pressure of 99.8 kPa, Ec are 0.11, 0.84 and 1.03 for water, methanol and acetone in the air, respectively, and are 0.37, 3.34 and 4.13 for water, methanol and acetone in the helium, respectively [50] .
If we consider 1 T % , 2 T % , and 3 T % as the temperature in the air, in the liquid and in the substrate respectively, the above equations (1-9) represent a heat conduction field in the surrounding air with thermal conductivity of Ec, in the liquid droplet with thermal conductivity of 1, and in the substrate with thermal conductivity of k R . As a result, the coupled fields in the droplet evaporation, i.e., the vapor concentration field in the surrounding atmosphere, the temperature field in the liquid, and the temperature field in the substrate, have been combined into one "quasi-temperature" field, and therefore,
T % , and 3 T % can be numerically solved without the iterative schemes. Once 1 T % , 2 T % , and 3 T % are known, the temperature in the droplet and in the substrate, the vapor concentration in the atmosphere, and the evaporation flux from the droplet surface can be easily computed. The dimensionless equations (1) (2) (3) (4) (5) (6) (7) (8) (9) clearly indicate that, the evaporation of sessile droplet resting on finite thickness substrates is governed by five dimensionless numbers: Ec, θ, k R , h R , and a T % . The number Ec characterizes the strength of the evaporative cooling and its value is determined only by the thermal properties of the liquid and the atmosphere [50] . The contact angle θ indicates the spatial configuration of the droplet. For a liquid droplet with given geometry and given thermal properties, its evaporation is only governed by k R , h R , and a T % , which are the relative thermal conductivity, the relative thickness, and the dimensionless temperature of the substrate respectively. To analyze the effects of these substrate properties on the droplet evaporation and the influences of the evaporative cooling on the effects of the substrate, the above dimensionless equations are numerically solved by using a commercial software, ANSYS (Ansys, Inc).
Ⅲ Ⅲ Ⅲ Ⅲ. Results and Discussion
A. Effects of the substrate thermal conductivity.
The evaporation of sessile droplets of various liquids with a wide range of Ec on substrates with a wide range of K R is calculated to investigate the effects of the substrate thermal conductivity on the droplet evaporation and the influences of the evaporative cooling on these effects.
First, the dimensionless evaporation flux
the evaporation flux along the surface of the sessile droplet, is illustrated as a function of r% in Fig. 2 .
From the figure it can be seen that the evaporation flux always increases monotonically along the droplet surface from the droplet center to the droplet edge, and becomes infinite as r approaches the contact line.
This distribution trend is same for all kinds of substrates, and is consistent with the previous theoretical and numerical results [3, 29, 30] . The figure also demonstrates the significant influence of the substrate thermal conductivity: the larger the value of k R , the higher the evaporation flux from the droplet surface, and the more pronounced the increase in the evaporation flux towards the contact line.
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FIG 2 The dimensionless evaporation flux %
J along the surface of drying water droplets at contact angles of 10º computed by the finite element method. Here, the parameters are chosen as follows: substrates with different thermal conductivities are almost the same. This means that, in the case the evaporative cooling effect is weak, the substrate thermal conductivity has also weak influence on the droplet evaporation. From Fig. 3 it can be seen that, when Ec is less than 0.2, the relative difference in the evaporation rate between droplets on a perfect thermal insulating substrate (e.g., PDMS) and droplets on a perfect thermal conducting substrate (e.g., copper) is not more than 9%. Fig. 3 also shows that, as the strength of evaporative cooling increases, the evaporation rate of the droplets continues to decrease and the influence of the substrate thermal conductivity becomes more and more significant. The decrease in the evaporation rate of droplets is more pronounced on the substrate of poor thermal conductor and less pronounced on the substrate of good thermal conductor, and thus droplets on a substrate with higher thermal conductivity will yield a higher evaporation rate when the 
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-10-evaporative cooling effect is notable. We can read from the figure that the evaporation rate on a perfect thermal conducting substrate (namely, copper) is almost double to that on a perfect thermal insulating substrate (namely, PDMS) when Ec =2.
FIG 3
The dimensionless total evaporation rate over the whole surface of sessile droplets at contact In the special case in which there is no evaporative cooling, corresponding to Ec=0, k R,0.95 also reduces to zero. This indicates that even a perfect thermal insulating substrate will have no influence on the droplet evaporation if the effect of evaporative cooling can be neglected. 
B. Effects of the substrate thickness
Since the evaporation of sessile droplets is shown to be dependent on the thermal conductivity of the underlying substrates, it could be evidenced that it must depends also on the thickness of the substrate.
As shown in Fig. 5 , although the distribution trends are the same for different thickness substrates, the evaporation flux from the droplet surface increases as the thickness of the substrates decreases.
Page 11 of 25 Soft Matter
Soft Matter Accepted Manuscript
-12-
FIG 5
The dimensionless evaporation flux along the surface of sessile droplets at contact angles of 10º computed by the finite element method. The parameters are as follows here:
, Ec =10, and k R =1.5806 for water droplets on glass substrates. Fig. 6 illustrates that the influences of the substrate thickness on the droplet evaporation also depend on the strength of the evaporative cooling. When the evaporative cooling effect is weak, the substrate thickness has also weak influence on the liquid evaporation. From Fig. 6 it can be seen that, when Ec is less than 0.2, the relative difference in the evaporation rate between droplets on a substrate with h R =0.4
and droplets on an isothermal substrate (i.e., h R =0) is not more than 4.7%. It can also be seen from Fig.   6 that, as the strength of evaporative cooling increases, the decrease in the evaporation rate is more pronounced for thick substrates and the influence of the substrate thickness on the droplet evaporation becomes more and more significant.
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FIG 6
The dimensionless total evaporation rate over the whole surface of sessile droplets at the contact angles of 10° computed by the finite element method. The parameters used are as follows:
, and k R =1.5806 for water droplets on glass substrates.
The variations of evaporation rate with h R for different values of Ec illustrate more clearly the influence of the evaporative cooling on the effect of the substrate thickness on the droplet evaporation.
From Fig. 7a it can be seen that the decrease in the evaporation rate with increasing substrate thickness is more pronounced for the case of stronger evaporative cooling. Here, we define h R,0.95 as the relative substrate thickness at which the evaporation rate reduces to 95% of the rate for isothermal substrate. The values of h R,0.95 have been measured from Fig. 7a and been plotted against Ec in Fig. 7b . The numerical results show that h R,0.95 is nearly inversely proportional to the evaporative cooling number Ec. In the special case in which there is no evaporative cooling, corresponding to Ec=0, h R,0.95 tends to infinity.
This means that even a substrate with infinite thickness have no influence on the droplet evaporation if the effect of evaporative cooling can be neglected. The parameters used are as follows:
C. Effects of the substrate temperature
To investigate the influences of the substrate temperature on the droplet evaporation, the dimensionless evaporation flux % J of water droplets on glass substrates with different temperature is illustrated in Fig. 8a . It can be seen from the figure that although the distribution trends are the same for substrates with different temperatures, the evaporation flux from the droplet surface increases remarkably with increasing substrate temperature. Fig. 8b further shows that the total evaporation rate of sessile droplets increases nearly linearly with the substrate temperature. 2, 3) , which further gives that ( ) ( ) (1 
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D. Combined effects of substrate and evaporative cooling
Considering the synergy between the evaporative cooling at the droplet surface and the heat conduction across the substrate and the liquid may help to understand the above phenomena. During evaporation, the droplet cools at its free surface due to the latent heat of evaporation. Such evaporative cooling reduces the concentration of vapor at the liquid-air interface, and consequently results in a reduction in the evaporation rate. For the sessile droplets here, the energy required to compensate for the evaporative heat loss and to maintain the evaporation is drawn from the underlying substrate by heat conduction through the substrate and the liquid.
When the effect of the evaporative cooling can be neglected (i.e., Ec=0), the problem of vapor diffusion in the atmosphere is decoupled from the problem of heat transfer in the droplet and the substrate, and accordingly the present model reduces to the basic "isothermal model". In such situation, the vapor concentration field in the surrounding air and the evaporation flux along the droplet surface are determined only by the properties of the liquid and the atmosphere, and thus the substrate has no influence on the droplet evaporation.
If the effect of evaporative cooling is notable, a decrease in the surface temperature will induce a significant reduction in the evaporation rate [50] . Because the heat supply to the droplet surface is closely related to the thermal properties of the substrate, it can thus exert remarkable influences on the evaporation of the droplet. A substrate with a higher thermal conductivity, a smaller thickness, or a higher temperature can supply more heat to the droplet surface, and therefore will result in a higher evaporation rate of the droplet. The above analysis shows that it is the cooling at the droplet surface and the temperature dependence of the saturation vapor concentration that relate the droplet evaporation to the underlying substrate. The properties of the substrate, including the thermal conductivity, the thickness, and the temperature need to be considered only if the effect of the evaporative cooling must be taken into account. So, the evaporative cooling number Ec can also be used to identify the influences of the substrate on the droplet evaporation.
E. Comparisons with the experimental results
To verify the validity of the present model, comparisons with the experimental measurements by Dunn et al. [39, 40] are performed. Different from the comparisons in ref [50] in which only the data for the perfect thermal conducting substrate (namely, aluminum) were compared, the data for two substrates with the most extreme thermal conductivities (namely, aluminum and PTFE) are used in this paper. In the experiments, three liquids (i.e., water, methanol, and acetone) were used. The ambient atmosphere was air with fixed temperature 295 K, pressure 998 mbar, and relative humidity 0.4 for water and 0 for acetone and methanol. [29] . From the figure it can be seen that the present theoretical predictions are in good quantitative agreement with the experimental results, and furthermore are more valid than the isothermal one especially for the thermal insulating substrates. Both the theoretical predictions and the experimental observations demonstrate a linear dependence of the evaporation rate on the droplet radius. Same as the experiments, the present model also reveal the significant difference in the evaporation rate between droplets of the same liquid on different substrates, which is not captured by the isothermal model. 
FIG 10
The total evaporation rate for droplets of three liquids on two substrates as a function of the droplet base radius.
Ⅳ Ⅳ Ⅳ Ⅳ. Conclusions
The combined field approach which unifies the coupled physics fields into one single field is first extended, and the thermal properties of the substrate are included in the present model for droplet evaporation. Then, the combined effects of the underlying substrate and the evaporative cooling on the evaporation of sessile droplets have been numerically investigated. We have found that the influence of the substrate on the droplet evaporation depends largely on the strength of the evaporative cooling at the droplet surface. When the evaporative cooling is weak, the substrate has also weak influence on the droplet evaporation. As the strength of evaporative cooling increases, the influence of the substrate on the droplet evaporation becomes more and more significant. The numerical results implied that the evaporative cooling number Ec can also be used to identify the influence of the substrate on the droplet evaporation.
The combined effects of the underlying substrate and the evaporative cooling on the droplet evaporation have been explained by considering the synergy between the evaporative cooling at the droplet surface and the heat conduction across the substrate and the liquid. The analyses indicated that it -20- is the cooling at the droplet surface and the temperature dependence of the saturation vapor concentration that relate the droplet evaporation to the underlying substrate. The theoretical predictions of the present model have been compared with previous experimental measurements and found in good agreement without any parameter fitting. Despite its simple origin and limitations, the results presented here may serve as an attempt to understand thoroughly the evaporation process of sessile droplets, and thus may be useful to predict and control the flow field and the deposition pattern of drying droplets.
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